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An evasion game with many pursuers described by differential inclusions on the 
plane is considered. A sufficient condition for the existence of an evasion strategy is 
established. The paper generalizes the result of P. Borowko and W. Rzymoski (J. 
Math. Anal. Appl. 111 (1985), 535-546) and partially that of V. L. Zak (A piecewise 
program strategy of evasion from many pursuers, preprint, Institut Problem 
Mekhaniki AN SSSR, Moscow, 1982). ((‘8 1988 Academic PKS~, I~C 
1. PRELIMINARIES 
1.1. Not&ion 
Throughout this paper we shall use the following notation. For a, b E IX*, 
let (a, b) denote the Euclidean scalar product, llall = (a, a) ‘I*, and let, for 
r > 0, 
K(u, r) = (b E R2: Ijb - all < r} 
and 
S={cdPllClll=l). 
By Comp(R*) we denote the family of all non-empty and compact subsets 
of R2 and for A E Comp(R’) we denote by conv A the closed, convex hull 
of A, by Int A the interior fA, and by A the closure of A. Finally, let for 
any sets A and B contained in R* and any PE R2, 
A-B= {xEA:x$B} and p+A= {p+u:u~A}. 
1.2. Problem Statement 
Let us suppose that multifunctions U, Vi: [0, co) x R* + Comp( R*) are 
continuous, upper semicontinuous (in the Hausdorff metric), respectively, 
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and Lipschitzian with respect o the second variable, for i= 1, 2, . . . . n. 
It is known (see [4]) that for any (t, a)~ [0, co) x R* and any 
(t, b’)e [0, co) x R*, i= 1, 2, . . . . n, there exist absolutely continuous trajec- 
tories x,yi: [t, co) + [w’, i= 1, 2, . . . . n, such that x(t) = a, y,(t) = b’ and 
,x’(s) E U(s, X(J)), Y:(s) E Vi(St Y,(S)) 
almost everywhere in [t, co), for i = 1, 2, . . . . n. Sets of all trajectories satisfy- 
ing the above conditions we denote by X(t, a) and Y,(t, 6’), respectively. 
X(t, a) denotes the set of all admissible trajectories of the players E
(evader) starting from the point a at the moment t. Analogously, Y,(t, b’) 
denotes the set of all admissible trajectories of the player Pi (ith pursuer) 
starting from the point h’ at the moment t. 
All players will apply strategies defined in [2] and we shall also need 
two definitions f [2]. 
Let us fix initial positions (t, a), (t, hi) E [0, co) x R*, a # h’, i= 1, 2, . . . . n, 
and a number T > t. 
DEFINITION 1.1. We say that the player E wins in the game 
(X, Y,, . . . . Y,, a, 6’, . . . . b”, t) on the interval [t, T], within E of X, if there 
exists E’s strategy e such that 
e(y)(s) +Yi(s) and Ile(yh) -x(s)11 d 6 
for all y=(y,, . . . . y,)~ Y,(t, b’)x ... x Y,(t, b”) and SE [t, T]. 
Let us suppose that X0(?, a) c X(t, a), for (t, a) E [0, co) x lR*. 
DEFINITION 1.2. The player E wins in the game (X, Y,, . . . . Y,,) along 
each trajectory of X0 if he wins in the game (X, Y,, . . . . Y,, a, b’, . . . . b”, t) on 
the interval [t, T], within E of x, for all t E [0, co), a, b’ E R2, with a # b’, 
i = 1, 2, . . . . n, E > 0, T > t, and x E X0(& a). 
1.3. Main Result 
Let us suppose that for any (t, U)E [0, co) x R* and every i= 1,2, .. . . n 
there exist set Ui(t, a) E Comp(R*), with Ui(t, a) c U(t, a), and compact 
connected arc S;(t, a) c S, with length ISi(t, a)[ 3 x, satisfying thefollowing 
conditions: 
(A,) u,(t, 0)~ U,(t, a)~ ... = U,,(c a); 
(A2) for every i= 1, 2, . . . n and each c( ES;(t, a) there exists 
u E Ui(t, a) such that 
min (u-u,c()>O; 
“E V,(l.U) 
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(A,) for every i= 1, 2, . . . n - 1 and any u E Ui(t, a) there exists 
p E Si+ ,(t, a) such that 
THEOREM 1.1. Under the above assumptions, there exists a multifunction 
X0, with @ # X0( t, a) c X(t, a), for all (t, a) E [0, co) x I&!*, such that the 
player E wins in the game (X, Y,, . . . . Y,) along each trajectory ofX0. 
The proof of this theorem will be given in the next section. Now, we are 
going to formulate a few remarks. First of all we can observe that E cannot 
be caught by the pursuers PI, P,, . . . . P, on the entire interval [0, co) if he 
wins in the game (X, Y, , . . . . Y,) along each trajectory ofX0. 
Let U and Vi satisfy the continuity conditions described in Section 1.2. 
Remark 1.1. If 
U(t,a)-conv Vi(t,a)cU(t,a)-conv Vi+I(t,a) 
for (t, a) E [0, a3) x R* and i = 1, 2, . . . . n - 1, and the arcs 
S*(t,a)= {YES: max min (u-v,a)>O) 
UE U(r,u) OE V,(r.U) 
are connected and their lengths exceed rc, then proceeding analogously as 
in the paper [l], we can find multifunctions Uj and Si, i= 1, 2, . . . . n, 
satisfying (A,), (A,), and (A3). Thus, we obtain a generalization of the 
relevant result of [ 11. 
Remark 1.2. If for any (t, a) E [0, cc ) x lK!* there xists p( t, a) E R2 such 
that 
p( t, a) + Vi( t, a) c Int conv U( t, a), 
then, setting 
i = 1, 2, . . . . n, 
and 
S,(t,a)={fzES:(p(t,a),a)30} 
Ui( t, a) = {U E U( t, a): there xists /I E Si( t, a) such that 
max min (u-~,B)=~~~l;jl~,(U-u,/I)}, i = 1, 2, . . . . n, 
UE u(r,a) “EV,(f.O) I 1 
we can state that the assumptions (A,), (A*), and (A,) are satisfied. So we 
have also obtained a generalization of the result of [5] in the case when 
functions A, Ui, and V considered there satisfy our continuity assumptions 
(Section 1.2). 
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Remark 1.3. If for any (t, a)~ [0, co)x R2 and every i= 1, 2, . . . . n, 
there xists p,(t, a) E R2 such that 
p,(t, a) + Vi(t, a) c Int conv U(t, a) 
and 
U(t,u)--convVi(t,u)cU(t,u)-conv Vi+,(t,u), 
for all (t, a) E [0, cc ) x R2 and i = 1,2, .. . . n - 1, then we can also define U, 
and Si to satisfy assumptions (A,), (AZ), and (A,). 
EXAMPLE 1.1. Suppose that n E N, n 2 2, andf: [O, GO) x R2 + R is con- 
tinuous and Lipschitzian with respect o the second variable. For any 
(t, a) E [0, co) x lR2 we define (see also Fig. 1) 
@;(t, a) =f(t, a) + ni/(n + 1 ), i = 0, 1, . . . . n, 
e,(t,u)=(~,~,(t,u)+~i(f,u)+n/2(r?+1))/2, i = 1) 2, . ..) n, 
Qi(t, a) = (cos e,(t, a), sin Q,(t, a)), i= 1, 2, . . . . n, 
U( t, a) = S and Vi(t, a) to be the rectangle with vertices 
Ui(t,U)=(COS@jmml(t,U),sin@i-,(t,U)), 
bi(t, a) = (cos(Gi(t, a) + rc/2(n + 1)) sin(Qi(t, a) + Z7/2(n + l))), 
ui(t, a) + 2Qi(t, a) and b,(t, U) + 2Qi(t, a), i = 1, 2, . . n. 
FIG. 1. Control sets at the position (f. a) to Example 1.1 in the case n = 3. 
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We see that the assumptions of Remarks 1.1, 1.2, and 1.3 are not satisfied 
but, setting 
and 
Si(t,a)= {NE% (Q,(t,u),cx)~O} 
Ui(t, a) = { (cos cp, sin cp): @,(t, a) + 37t/4(n + 1) B cp 
< @>,(t, a)+ 37c/4(n + 1) + rL(n + i)/(n + 1)) 
for (1, a) E [0, 00) x [w2 and i = 1,2, .. . . n, we can state that assertions (A,), 
(A,), and (A3) hold. Let us observe additionally that 
U(t,u)-conv Vi(t,u) ~75 U(t,u)-conv V;+r(f,u), 
for any (t, a) E [0, co) x Iw2 and every i = 1, 2, . . . . n - 1. Therefore, the result 
of [l] cannot be applied to this example even in the case when f is a 
constant function. 
2. PROOF OF THEOREM 1.1 
We shall use the methods of the papers [l, 21. For any 
(t, a) E [0, CC ) x (w2 we define U,( t, a) to be a fixed non-empty and compact 
subset of U,(t, a) such that for each u E U,(t, a) there exists /? ES,(t, a) 
satisfying the inequality 
min (u-u,/?)>O. 
DE Y,(f,U) 
Let us fix any 1, E [0, co), T> r,, and a,, 66 E IR’, a, # 66, i = 1, 2, . . . . n. 
There exists r> 0 such that 
4s) E Quo, r) and Y,(S) ENb6, r) 
for all x E X( t,, ao) and yi E Yi(t,, bh), i = 1, 2, . . . . n, and s E [to, T]. 
Moreover, there exist R > 0 and ci > 0, i= 1, 2, . . . . n, such that if 
b’~ K(b& r) and I(u - bill <R then for each UE Ui- ,(t, a) there exists 
/? ESi(t, a) satisfying the inequality 
min (u-u,/?>~c~, (2-l) 
L’E Y,(f,b’) 
and for each CI ESi( t, a) there xists u E Ui( t, a) such that 
min (u-u,cr)>ci. 
UE Y,(r,b’) 
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Let us denote the set of all p satisfying (2.1) by Pi(t, a; u). 
It follows from the proof of the theorem of [3] that 
(F) there exists a nondecreasing function 4: [0, co) + [0, co) such 
that 
(1) lim,+,i”(7)=0, 
(2) for any TV [to, T], a~K(a,, r), and UE U(t,u) there exists 
x~X(t, a) such that x’(t)=u and 
lb’(s) - uI/ d m - t) 
almost everywhere in [t, T]. 
NOW, for any i= 1, 2, . . . n, let ui: [0, co) x R2 -+ R* be a fixed selector f
the multifunction U,. For t E [to, T], a E K(a,, r), and i= 1, 2, . . . n, we 
denote by A’,[& a] the set of all x E X(t, a) satisfying condition (2) of (F), 
where u = u,(t, a). Next, for a partition A,,,: t = to < t’ < . . . < tm = T we 
define X,[t, a; A,] as the set of all x E X(t, a) such that for every 
j= 0, 1, . ..) m - 1 there exists XE X,[ti, x(t’)] for which x(s) = X(S), 
s E [t’, t’+ ‘1. 
By the definition fA’,[& a; A,] we have 
LEMMA 2.1. For every i = 1, 2, . . . . n there xists vi > 0 such that for any 
t~[t~,T],a~K(a,,r)undforeachpurtitionA,:t=t~<t’< ... <t”=T, 
with diameter a(A,) < q,, rf x~X~[t,u; A,], Jo (0, l,..., m- I}, CIE 
Sl(tJ, x(P)), 6’ E K(bi, r), and 
then 
(x’(s) -y;(s), a)3 c,/2 
almost everywhere in [ tj, tj+ ’ J, for ail yj E Yj( tj, 6’). 
Now, for any te[tO, T] and u~K(a~,r) and for every i=O, l,...,n we
denote by Xi( t, a; T) the set of all x 1 tI, r,, where x E X( t, a) is such that for 
any E > 0 there exist a partition A,:t=t’<t’< ... <t”=T, with 
diameter d(A,) < gi, and 2 E Xi[ t, a; A,] for which 
Ilx(s) - -f(s)11 d E, SE [t, T]. 
Next, let vO=mini.~,,..~,~ Vi and let us fix any i = 1, 2, . . . . n. 
From Lemma 2.1 it follows that there exist rnE N and ‘1 E(0, qo] 
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(mq = T- to) such that there exists x E A’(&, a,) such that for any 
jE{O,1)..‘) m-l}, 
(I) x’(tj)=u,-I(r,,x(lj)) and 
(2) for any cc~S~(t,,x(t~)) and b’~K(bh,r), if 
then 
(x’(s) -Y:(s), a> 3 c,P 
almost everywhere in [t,, tj+ , ] (where t., = t, +jq), for all yi E Yi( t, b’). 
Let us fix any such x E X(t,, a,). Obviously x 1 tlO, T E Xi- I(t,, a,; T). 
First, we shall prove that the player E wins easily along the trajectory x 
in the game (X, Yi) on the interval [to, T] (see Definition 1.8 of [2] ). The 
proof of this fact needs the following lemmas. 
LEMMA 2.2. For any E > 0 there exists SE (0, R) such that for any 
j E (0, 1, . ..) m- 11 and (t, a, 6’) E [t,, t,, ,) x K(a,, r) x K(b&, I) with 
((a-~(t)ll<S, ~Iu-b’lldR-6, there exist BEPi(tj,x(tj);~,~I(ti,x(tj))) 
and x, E X(t, a) such that 
Ilx,b) - xb)ll 6 6, 3-E C4 [,,I1 
and 
(xl(s) -Y:(s), P> a cJ4 
almost everywhere in [t, tj+ ,],for all yie Yi(t, b’), and ifcc E Si(tj, x(tj)) then 
there xists xE X,(t, a: T) such that 
(x’(s) - y;(s), @I> k Ci/4 
almost everywhere in [t, tj+ ,I, for all yj E Y,(t, b’). 
It is a consequence of (2.1), (F), and Lemma 2.1. 
NOW, let us fix any E>O and Jo (0, 1, . . ..m-1} and let, for 
UE U(tj, I), Mi(u) be the set of all (t, a, b’)~ [t,, t,+ ,) x K(a,, r) x 
K(65, r) with Ila-x(t)11 d 6, I/a-6’11 <R-6 such that there exists 
B E /3J ti, x( 2,); U) for which (a - b’, /I) b 0. 
LEMMA 2.3. For each u E Uip 1 (t,, x( t,)) and (t, a, b’) E Mi( u) there exists 
x, E X( t, a) such that 
IIx~(s)-yY,(s)ll 2 (Ci/J)(S- t)
for all yi E Yi( t, b’) and s E [t, t, +,I. 
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Proof Let us fix any u E u;- I(fj, x(t,)) and assume that 
(t, a, 6’) EMi(u). From Lemma 2.2 it follows that there exist 
/J Efli(t,, x(ti), U)and x, E A’( t, a) such that 
almost everywhere in [t, tj+ ,I, for all yjc Y,(t, b’). Next, analogously as in 
the proof of Lemma 2.3 of [ 11, we end this proof. 
LEMMA 2.4. For any h > 0 there exists dE (0, R - 6) such that for 
ueU,-,(tj,x(ti)) and (t,a,b’)E[t,, j+I)xK(aO,r)xK(b~,r)-Mi(u) with 
Ila - x(t)ll d b/2, Jla - bill d d, and t + h E (t, tj+ ,I, there exist h* E (0, h] 
and x* E X,(t, a; T) for which, if yi E Y,(t, b’), then 
(t+h*,x*(t+h*),yi(t+h*))EMj(u). 
Prooj Let, for any (&a, 6’) E [0, 00) x Iw2 x [w’, IIU(t,a)ll = 
max UE u(r,u) II4, II Vi(t, aIll = max,, V,cr,uj IId, and ~5 = mq,,.,bI,.D(II U t,a)ll 
+ 11 Vi(t, bi)ll), where D = [to, r] x K(a,, r) x K(bb, r). 
Let us take any h >O. There exists h>O such that for any 
(t, a) E [to, T] x K(a,, r) if lla - x(t)11 6 6/2 then for all XE X(t, a) 
ll3s) - xb)ll 6 6, SE [t, t +h]. 
Now, let h, = min{ h, h} and 
d=min{R-6, h,L,exp(-c,n/4Li)}. 
Next, let us fix any u E Ujp ,(tj, x(ti)) and (t, a, b’) E [tj, tj+ r) x K(a,, r) x 
K(66, r) - Mi(u) such that lla - bill <d and Ila - x(t)11 < 6/2. From the fact 
that the length ISi(tj, x(t,))l > II, it follows that there xists OI,,E S,(tj, x(tj)) 
such that (a-b’, crO) = 0. The vector txO may be connected with the set 
Bi( tj, x( t,); u) by an arc y c Si( tj, x( t,)). For s E [t, T], let 
B(s) = {y,(s): yie Y;(t, b’) j
and for any a* EK(u~, r)- B(s), let tx(s, u*)ES and B*(s, a*) c B(s) be 
such that for each 6 E B*(s, a*), 
(1) (a*-&~~(s,a*))=min,~~(a*-b,~~(s,f.7*))=0, 
(2) the pair (a* - 6, rx(s, a*)) has the same orientation as the pair 
(a - b’, cq)). 
Moreover, let 
A{(s,a*)E[t,T]xK(a,,r):a*$B(s),cr(s,a*)Ey} 
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and 
Now, we shall define xx E X,(t, a; T). Obviously ,x*(t) = a. If for any 
k~ N and sk = I + ks the trajectory x * has been already defined on the 
interval [t, sk] then we extend x* on the interval [sk, sk + I J in the follow- 
ing way. If (sk, c((sk, x*(sk))) E A, then there exists xk E X,(s,, x*(s,); 7’) 
such that 
<4(s)-Y;(s), e,, x*(sk))) 2c,/4 
almost everywhere in [s,, sk + 1], f or all yiE Y,(t, b’) (see Lemma 2.2). Let 
us fix any such .xk and assume that x*(s) =xk(s), for SE [sk, sk+ ,I. In the 
opposite case ((sk, c((sk, x*(sJ))$A) we extend x* on the interval [s,, T] 
in any way such that x* E Xi(t, a; T). 
Next, analogously as in the proof of Lemma 2.4 of [ 11, we end this 
proof. 
LEMMA 2.5. There exists 3: [0, 03) + [IO, co) satisfying the inequality 
fq.7) q z, ZE [O, 03), and such that for any (t, a, 6’)~ [t,, tj+ ,) x K(a,, r) x 
K(h6, r) with Ila-x(t)11 <6 and lla-b’l( d R- 6, and there exists 
x0 E X,(t, a; T) which satisfies theinequality 
11X0(S) - Yi(s)ll 2 rY lb - b’ll 
for all yip Y,(t, b’) and SE [t, tj+ l]. 
The proof is similar to the proof of Lemma 2.5 of [ I] if we assume that 
C(Z) = (C,/4(c, + Li))*Zy z E [O, co ). 
Using the above lemmas, one can prove similarly as was done in the 
proof of Theorem 2.1 from [2] that the player E wins easily along the tra- 
jectory x in the game (X, Yi) on the interval [ o, T]. Thus, by definitions f 
x and the set X,- ,(t,, a,; T), he also wins easily along each trajectory from 
Xi- ,(f,, a,; T) in the game (A’, Yi) on the same interval. 
Now, we define a set Xo(to, a,) as the set of all xE X( to, ao) such that for 
every ZE N, 
x I [t,,t,+,] E Xo(t,, x(t,); t/+ I), 
where t, = to + I(T- to). Since to, a,, and T> to were chosen in any way, 
thus by induction with respect o i, we can state that the player E wins in 
the game (A’, Y,, . . . . Y,) along each trajectory ofX0 (see Corollary 2.1 of 
[23). This completes the proof of Theorem 1.1. 
409, I35,‘2- I5 
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